Introduction
Let K/Q be a finite galois extension with group G and p a rational prime. We denote by A the p -part of the class group C(K) and let H/K be the p -part of the Hilbert class field, thus the maximal uramified abelian p -extension of K. The Artin symbol ϕ : A → Gal(H/K), a → H/K a is a group isomorphism. We let p m be the exponent of A and ξ ∈ C be a primitive p m −th root of unity. If X is a finite group, we denote by Sub(X) the lattice of its subgroups and if L/K is a finite galois extension of fields, then Sub(L/K) will be the ordered lattice of intermediate fields in this extension.
We assume first, for simplicity, that ξ ∈ K, so H is a Kummer extension of K and there is a Kummer radical
, where the root is taken from a set of representatives in K × of the factor group B. Note that in order to have an uniform exponent p m , some of the elements of B may be p−th powers in K. An alternative way of describing the Kummer radical used in cogalois theory is the following: let b 1 , b 2 , . . . , b s ∈ K be a minimal generating set for B and
where
is the multiplicative group generated by the b
∈ H. The assumption that K contains the necessary roots of unity is not an essential restriction of generality and the presence of roots of unity allows the use of Kummer duality and gives a more intuitive picture of the lattice Sub(H/K) which is in this case directly isomorphic to Sub(B c ).
, an abelian extension of K which is Kummer over K ′ . We shall prove the Theorem 1 below and the related facts directly for the case when ξ ∈ K and suggest that the readers use the simpler case ξ ∈ K as a useful specialization. The main result of this note is Proof. This is a particular case of the general theorem stated above. 
L , then b is the power of ideals from some non trivial class a ∈ A, and the ideals from that class capitulate in L, while, in general
the two factors being possibly isomorphic as abelian groups. This is stated here as a plausible conjecture and will be the subject of subsequent work.
We give a formal definition of the two types of capitulation described in the above note:
The second definition holds only when K contains the q−th roots of unity. We shall show below how it can be stated for the general case. Furthermore, we recall that if a ∈ A \ A p , then the Artin symbol ϕ(a) also generates the galois group of ψ(a) ⊂ L. In this case, canonic capitulation is also inert capitulation. This does not hold for classes which are not p -maximal.
The capitulation map
We keep the notations in the introduction and consider a ∈ A a class which is not p -divisible, i.e. a ∈ A p . We define a canonical complement of Za in A as follows Let nowL
One verifies from the construction of the lifts thatL ′ is a subgroup withL
and with galois group Gal(L a /K) = La/K a . The field L a and the complement c(a) are both canonically associated to a, which completes the proof.
We now consider the capitulation of ideals of a in L a . For this let H a ⊃ H be the maximal unramified p -extension of L a . Let ι(a) ∈ A(L a ) be the lift of the class a to L a . Since a is inert in L a (the Artin symbol is a class symbol, so we may speak, with a slight abuse of language, of inert and split classes, and also of capitulating classes), it follows that ord (ι(a)) = ord (a). Indeed, suppose that ι(a) = b p for some b ∈ L a and let P ∈ b be a prime, ℘ = P ∩ O(K) be the prime above it in K. Since ι(a) = b p , there is a prime Q ∈ ι(a) with q = Q∩O(K) and a principal ideal (x) ⊂ O(L a ), such that P p = (x)Q. Then
with (y) = (x) ∩ O(K). Thus [q] = [℘]
p , as classes, in contradiction with the choice of a.
Let ν = Ha/La a ⊂ Gal(H a /L a ). Since ι(a) has maximal order, we may define as previously L
and L 1,a the canonic complement as above. We see by definition that
, it follows by the Principal Ideal theorem that ν acts trivially on H a /L ′ 1,a and consequently in the whole extension H a /L a . Since the Principal Ideal Theorem is an equivalence, it follows that the primes in a must all be principal in L a . Therefore L a is a capitulation field for a. We thus have proved: 
Proposition 1. Let K be a finite galois number field, p an odd prime and A, H be the p -parts of the ideal class group and the ideal class field of K. Then there is a canonical map ψ : Sub(A) → Sub(H) which is defined on all maximal cyclic subgroups
A ′ = Za ⊂ A, a ∈ A p . Writing
The Artin symbol φ(a) generates Gal(ψ(a)/K).
We have defined so far ψ as a map on the maximal elements of A. We consider now the question of giving a canonic continuation of ψ for A and showing the necessary compatibility properties for an isomorphism of inclusion lattices. In a first step, we do that for nonmaximal elements in A:
Lemma 2. Notations being like above, let x ∈ A p be a non-maximal element and a ∈ A \ A p be such that x = a q , for some p -power q.
; then the definition ψ(x) = L x does not depend upon the choice of a and yields a continuation of ψ to all cyclic subgroups of A. In particular,
Proof. Let a, b ∈ A \ A p with a q = b r = x. We suppose for simplicity that < a > ∩ < b >=< x >, as cyclic groups, and let thus . This is by construction a field of degree ord (x) and
Since L x arises in the same way as subfield of L b , it follows that the field does not depend on the choice of a maximal element above x.
We now can define ψ on arbitrary groups A ′ ⊂ A by letting ψ(A ′ ) = x∈A ψ(x), as groups. This definition is canonical and one verifies that for A ′ , A ′′ ⊂ A we have
In particular, if x ∈ A ′ we have L x ⊂ ψ(A ′ ) and thus the ideals of x capitulate in ψ(A ′ ) since they capitulate in L x . With this, ψ is well defined and canonical on Sub(A), it is bijective, order preserving and compatible with the operations on the respective lattices. Furthermore, it is a capitulation map on Sub(A), which proves the Theorem 1.
Since ψ is bijective, its inverse is defined and it is also an order preserving map of lattices. It has the property that for L ⊂ H, the ideals in the classes of ψ −1 (L) capitulate in L.
2.1.
A canonical orthogonality. We shall now relate the maps ϕ, ψ with the Kummer pairing. Let p m be the exponent of A and ξ be a primitive p m −th root of unity. For r|p m , we write ζ r = ξ p m /r , a primitive r−th root of unity.
Let K be a galois extension of Q and a, a ′ ∈ A, with the notations above. If ξ ∈ K, then H/K is an abelian Kummer extension and we let B c be its Kummer radical. The map ψ induces a map ψ k : Sub(A) → Sub(B c ), by the natural order preserving bijection Sub(H/K) → Sub(B c ). We shall write in this case ϕ(a), ψ k (a ′ ) = 1, meaning that for all b ∈ ψ k (a ′ ) the relation ϕ(a), b = 1 holds. The definition of ψ allows the following concept of orthogonality: Definition 2. Notations being like above, we say that a, a
The relation is symmetric: indeed, if ϕ(a) ∈L a ′ , given the decompo-
′ is equivalent to (4), a relation which suggest that the relation is one of orthogonality. This is less obvious in the case when ξ ∈ K, when we have to use the canonic complements for defining the orthogonality.
We have in addition seen the following equivalent properties of a ⊥ a ′ :
Generalization
We may consider the more general situation when K/Q is a finite extension and H/K is an arbitrary abelian p -extension with group A. Then the construction of the map ψ still and the definition of the orthogonality relation still holds, thus, apart of the capitulation property -which is the primary concern of this paper -we have the more general result: Theorem 2. Let K be a number field, p a rational prime and H/K be an abelian p -extension with group A. Then there is a canonic, bijective and order preserving map ψ :
The proof is the same as the one given above in the case when H was assumed to be the Hilbert class field. The class group ϕ(A) can be replaced by and arbitrary galois group, which we denoted here also by A.
Passing to injective limits, we may then define orthogonality in arbitrary products of Z p -extensions and also replace K be some injective limit, thus an infinite extension of K. This process is interesting in Iwasawa theory.
The orthogonality relation is related to minimal sets of generators of A by Proof. Let A = {a 1 , a 2 , . . . , a s } ⊂ A be a maximal set of mutually orthogonal elements. Then in particular, the fields L a i are independent, and since r = p − rank(Gal(H/K)) is also the maximal number of independent cyclic subfields in K, it follows that s ≤ r. If s < r one can choose a ∈ A and a ⊥ a i , i ≤ s as follows: let A ′ ⊂ A be the group which fixes the compositum i L a i . Then for a ∈ A ′ we have L a i ⊂ L ′ a and thus a ⊥ a i , i ≤ s. Therfore, by maximality, we must have s = r. It is clear that orthogonality is not fulfilled by any minimal set of generators. This is best seen in the case of Kummer extensions. Take r = 2 and a ⊥ a ′ with a, a ′ ∈ A \ A p and let b = a · a ′ . One sees from the Kummer pairing condition (4) that the pair {a, b} is a minimal set of generators, but a ⊥ b.
